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Maximum Likelihood Estimate and

Expectation Maximization

Ming- Chi Tsai

Overview

¢ Maximum Likelihood Estimate (MLE)
¢ Classic example, binomial distribution
® Multinomial distribution
® Bayesian Network

¢ Expectation Maximization (EM)
e Likelihood function
® E-step
® M-step




Maximum Likelihood Estimate

Data: {X,, X,,..., X}
Xi =[%.X,]
Objective: Estimate the underlying ‘true’ probability
distribution over random variables X given a set of

observations drawn from the distribution.

How: Find ©, such that P(D | ©) is maximized, by taking
derivative of log P(D | ®) and set it to zero.

Coin Toss (Binomial Distribution)

® Suppose you have a biased coin and wants to know the
chances of seeing a head (or tail), how would you do that?

® Throw it n times, and count the number of heads and divide
it by n.

* Why?

¢ It turned out this is the maximum likelihood estimate.

* To find a © that maximizes P(D|®) we would find © that

maximizes log P(D| @) since find © that maximizes log
P(D|®) also maximizes P(D|0O).
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MLE Derivation of Coin Toss

* Log likelihood function:
log P(X |6) =log P(X,,..., X |6)
—l0g P(X, |0)..P(X, |0)
=logP(X,|0)+...+log P(X, |6)

= logP(x,]6)
:ilog P(X;=H |6')+§:Iog P(X;=T|6)

=n, log §+n, log(1-6)

® Take derivative and set it to zero:

dd—g[nh log @ +n,log(1-6)]=0

MLE for Multinomial Distribution

® Rather than head or tail, suppose we have a dice. What is the
probability of seeing a 17

® We would do the same thing as in the binomial except now
we have k © and we have k derivative set to 0 that we need to

solve.

* Log likelihood function:

logP(X |8) =log P(X,..., X, |0)
=log P(X]6)..P(X,|6)

D log P(X | 6)
i=1
k
i=1

n; log 6,
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MLE for Multinomial Derivation

® Before taking the derivative, we need to add a Lagrange
multiplier. Otherwise, taking derivative would not give you

any solution. The Lagrange multiplier ensures sum of all ©,is

1. n n
1(6;1) = Zlog P(X| a)m(l—Ze]

® Taking the derivative with respect to each ©;, we have the

following k equations

k k
4 S l0gg, +A(1—Z€,J=O
dHl i=1 i=1
d k k
—"n;log, +A(l—2€,]
d61 i=1 i=1

0

d k k
—n Iong+/1[l— 0,}:0
dgk 124: g

Solving For ©

® Taking the derivative and solve for O, A

d k k
d & k — > nlogé +4 ) 6-1|=0
ﬁZnilong@a—l}o ar "9 [Z ! l

joi=l K
6-1=0
o 2.0

|2

° Solving k=+1 set of equations gives you:
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MLE for Bayesian Networks

e Likelihood function and log likelihood function:

log L(X;6) = DM s pal, Iog(xi =s| Pa(xj):t)

J=1 sex; tePa(x;)

Derivation of MLE for Bayesian
Network

® Like, MLE for multinomial distribution, taking derivative

with respect to © y will not give any solution, so we can

xj|pa(xj
again add the Lagrange multiplier for each state of parents.

p
L(X 10) = z anj:s,Pa(xj):t Iog(ng:swa(xj):t )+ Z z /F{‘j {1_ zngslPa(xj):tJ

=1 sex; tePa(x;) Xj tePa(xj) SEX;

® Taking derivative and set it to zero (like the multinomial) will
give us:
nx,:s,Pa(x,):t

0)( S| =

= |Pa(x }t

SR el
UEXI

_ nxJ:s,Pa(xJ)zl

Npa (x; et
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Expectation Maximization

® Goal: Maximize the likelihood function the best you can
® Problem:You don’t know value of hidden variables

e Likelihood function:
log L(X;6) = log H P(x'16)

=§Iog P(x'|0)
:gloggP(x‘,ZW)

Jensen’s Inequality
log > P(z)f(z)>) P(z)log f(z)
$

log L(X;0) = ZlogZP(x 2106)

ilong(zm P(¢.z[0)

z QX))
@ z|€)
> 330Xy QG Ix)

3 (Q@Ix)logP(x',216) -3 T Q(z| ¥)logQ(z )

i= i=1
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EM algorithm

® Guess some values for all the parameters.

® [terate untll ConVergence
e E-Step
Compute probability of missing value given current choice of @
® M-Step
Find the MLE of given current expectation of z

E-Step
® Define Q(z]x,0) as
Q(z|x')=P(z|x',6)

* Why?
® It turned out setting Q as the condition probability of z given

x makes the lower bound the same as the original log

likelihood.
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M-Step

® Maximize the lower bound by finding the MLE given the

current estimate of z

0" «argmax, > > Q(z|x")log P(z, X' | 6)

i=l z
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